
Lecture 5

Variants of Turing Machines
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Definition: A function  is time constructibleT : ℕ → ℕ if T(n) ≥ n
that on input  x outputs binary representation of  T( |x | ) in  time.O(T( |x | ))

and there is a TM  M

Example:  are some time-constructible functions.T(n) = n, ⌊n log n⌋ + 1,n2,2n
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1 1 1 0 1 ⊔ ⊔▹ …1

1 1 0 ⊔ ⊔▹ …

Input Tape

Output Tape ⊔⊔⊔

T(n) = n



TMs with Larger Alphabet



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof:



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

Tape of M



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …nTape of M ⊔ ⊔ ⊔ ⊔



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr0

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr0

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr01

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr01

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr011

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr011

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr0110

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

qr01101

δ(q, m) = (q′￼, b, R)



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

q′￼w00010,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

q′￼w00010,R0



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

q′￼w00010,R0



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 q′￼w0001,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

1 0 q′￼w0001,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

1 0 q′￼w0001,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

1 0 q′￼w000,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 1 0 q′￼w000,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 1 0 q′￼w000,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 1 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 1 0 q′￼w00,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼w00,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼w00,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼w0,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼w,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼w,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m1,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m1,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m2,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m2,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m3,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m3,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m4,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼m4,R



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼r



TMs with Larger Alphabet
Claim: For every   and time-constructible function , if  is f : {0,1}* → {0,1}* T : ℕ → ℕ f
computable in time  by a TM  using alphabet , then it is computable in timeT(n) M Γ

 by a TM  using the alphabet .O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

Proof: Idea: Encode a symbol of  using bits.Γ log |Γ |

m a c h i e ⊔▹ …n

0 0 0▹ …

Tape of M

Tape of M′￼

⊔ ⊔ ⊔ ⊔

0 0 1 0 0 0

…

q

δ(q, m) = (q′￼, b, R)

0 0 1 0 q′￼r



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof:



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |

• Use ’s transition to determine the next state, symbols to write, and M



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |

• Use ’s transition to determine the next state, symbols to write, and M
head movement and store this information in current state.



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |

• Use ’s transition to determine the next state, symbols to write, and M

• Use  steps to write the symbols.log |Γ |
head movement and store this information in current state.



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |

• Use ’s transition to determine the next state, symbols to write, and M

• Use  steps to write the symbols.log |Γ |

• Move the tape head accordingly ( th cell right or left).log |Γ |

head movement and store this information in current state.



Claim: For every   and time-constructible , if  is 


computable in time  by a TM  using alphabet , then it is computable in time


 by a TM  using the alphabet .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M Γ

O(log |Γ |T(n)) M′￼ {0,1, ▹ , ⊔ }

TMs with Larger Alphabet

Proof: Simulating one step of  in :M M′￼

• Use  steps to read the symbols and store them in current state.log |Γ |

• Use ’s transition to determine the next state, symbols to write, and M

• Use  steps to write the symbols.log |Γ |

• Move the tape head accordingly ( th cell right or left).log |Γ |

head movement and store this information in current state.



TMs with Single Tape



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

M



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

M



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

M



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

M



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t h▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t h r▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t h r▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t h u r▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t h u r ̂r▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t m h u r ̂r▹M M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t m h u r ̂r▹ ̂aM M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t m h u r ̂r▹ …̂aM M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t m h u r ̂r▹ …̂aM M′￼



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof: Idea: “Divide” the tape of  into blocks of  cellsM′￼ k and use its th, th,i (k + i)
th,  cells for the th tape of  (2k + i) … i M .

t u r i n ⊔ ⊔▹ …g

m a c h i e ⊔▹ …n

t h r e e a p▹ …t

̂t t m h u r ̂r▹ …̂aM M′￼

…



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:  Simulating one step of  in M M′￼ :



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:  Simulating one step of  in M M′￼ :

• Sweep the tape in left to right direction and store  symbols in the current state.k



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:  Simulating one step of  in M M′￼ :

• Sweep the tape in left to right direction and store  symbols in the current state.k

• Use ’s transition to determine the next state, symbols to write, and head  

movement and store this information in current state.

M



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:  Simulating one step of  in M M′￼ :

• Sweep the tape in left to right direction and store  symbols in the current state.k

• Use ’s transition to determine the next state, symbols to write, and head  

movement and store this information in current state.

M

• Sweep the tape from right to left while updating the symbols.



TMs with Single Tape
Claim: For any  and time-constructible function  , if    is 

computable in time  by a TM  using  tapes, then it is computable in time  by 

using a single-tape TM .

f : {0,1}* → {0,1}* T : ℕ → ℕ f
T(n) M k O(k . T(n)2)

M′￼

Proof:  Simulating one step of  in M M′￼ :

• Sweep the tape in left to right direction and store  symbols in the current state.k

• Use ’s transition to determine the next state, symbols to write, and head  

movement and store this information in current state.

M

• Sweep the tape from right to left while updating the symbols.


